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The s t ruc tu ra l - con t inuum approach  is used  to obtain the rheologica l  equations of s ta te  for  
dilute p o l y m e r  solut ions whose m a c r o m o l e c u l e s  can be modeled by an e l l ipsoid  of rotat ion 
with in terna l  v i scos i ty  and e las t i c i ty .  

In o r d e r  to obtain the rheologica l  equations of s tate  for  dilute p o l y m e r  solutions using the s t ruc tu r a l  
and s t ruc tu ra l - con t inuum approach,  a model  has to be chosen for  the p o l y m e r  mac romolecu l e .  We shall  take 
as a model  for  the m a c r o m o l e c u l e  an e l l ipso ida l  par t ic le  which is impene t rab le  to the liquid and has in ternal  
e las t i c i ty  and v i scos i ty ,  a ssuming  at the s ame  t ime  that the par t ic le  changes its d imensions  when in teract ing 
with the d i spe r s ive  medium,  but that it r em a ins  an e l l ipsoid  of rota t ion with the same  volume.  

In o r d e r  to obtain the theologica l  equations of s ta te  for  the medium under  cons idera t ion  by the  s t r u c t u r a l -  
continuum approach [1-3] we can use  a model  of a s t ruc tu ra l  continuum containing a single in ternal  p a r a m -  
e t e r ,  the vec to r  n i. The posi t ion of the v e c t o r  in space c h a r a c t e r i z e s  the effect  the par t ic le  or ientat ion,  and 
a change in its modulus gives the effect  of pa r t i c le  deformat ions  on the rheologica l  behavior  of the solution. 

The equations defining a s t r uc tu r a l  continuum of this type have the f o r m  [4, 5] 

+ c~di~,,~ nz, n,,~nlnj - -  c~Nknnnlnj  _ c~dij + cT:li~n~nj ~-csdj;,n~nl + c,12~:Yj -~-clonjN~; (1) 

ni = (o~,nj - -~an i  -~ ),.:d;..l~. n .dh  + ~.3d~.n; -? )~ae~.,l~3l)~zt: --):jjtljl~i, (2) 

where tij is the s t r e s s  t enso r ,  dij is the deformat ion  ra te  t enso r ,  N i =h i - w i : n j ;  wij is  the v o r t i c i W t e n s o r ;  fj, 
J 

Mj are  the s t rength  and moment  of the fo rces  acting on an e lement  of  the m i c r o s t r u c t u r e ,  excluding hydro-  
dynamic forces ;  e i and k i are rheologica l  functions depending on n 2 = nini; and 5 ij and gijk are  the s y m m e t r i c  
and a n t i s y m m e t r i c  Kroneeke r  symbo l s .  

We assoc ia te  the di rect ion of the vec to r  n i with the di rect ion of the axis of rota t ion of the e l l ipsoidal  
pa r t i c le ,  and its modulus with the length of the s emiax i s  of rotat ion a, set t ing n = a .  

To find the rheologioal  functions of the model  given by Eqs.  (1), (2) we shal l  look for  veloci ty  and p r e s -  
sure  pe r tu rba t ions  in the Stokes approximat ion,  introduced by the suspended par t ic le  into the flow of a d i s -  
pe r s i ve  medium,  which we will take to be a v iscous  Newtonian liquid. Fo r  boundary conditions we shall  i m -  
pose the r e q u i r e m e n t s  that  the d i spe r s ive  med ium adhere to the sur face  of the par t ic le ,  a ssuming  tha~ the 
par t i c le  deformat ions  are homogeneous,  and that  the veloci ty  and p r e s s u r e  pe r tu rba t ions  should vanish at 
large dis tances  f rom the pa r t i c l e .  We shal l  const ruct  a solution to the hydrodynamic p rob lem under  cons ide ra -  
t ion by a method used  by J e f f e r y  [6] in solving the p rob lem of the behavior  of a r igid e l l ipsoidal  par t ic le  in a 
v iscous  liquid flow. Having obtained a solution in a moving coordinate  s y s t e m  x i at tached to the par t ic le  (the 
coordinate  or igin is at the cen te r  of  the par t i c le  and the axes coincide with the di rect ions  o f t hep r ine ip a l  axes 
on the e l l ipsoidal  par t ic le) ,  we t r a n s f e r  the boundary conditions, speci f ied  for  the veloci ty  at infinity, to the 
sur face  of a sphere  of radius  R, cons iderab ly  l a r g e r  than the poss ib le  dimensions  of the par t i c le .  Finally,  we 
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obta in  the  fol lowing e x p r e s s i o n s  fo r  the ve loc i t y  and p r e s s u r e ,  va l id  in the ne ighborhood  of  the  s u r f a c e  o f  the 
s p h e r e  u n d e r  cons ide ra t ion :  

P = Pc - -  (8,u/r~)~ --  (42~t/R~) r  

whe re  u i is  the ve loc i ty ,  u0i is the  ve loc i t y  o f  the  u n p e r t u r b e d  flow, p is the  p r e s s u r e ,  Po is the p r e s s u r e  in 
the  u n p e r t u r b e d  flow, r is the modu lus  o f  the r a d i u s y v e c t o r ,  # is the dynamic  v i s c o s i t y  coeff ic ient  o f  the s o l -  

vent ,  and ~ = c i j x i x j ;  

Cn -- 6~, ~ 6a~'~ ' C2_o = .~b'2%~'+ "12b~tg~% + 12a~-----~ ' 

~'~ czocho + b ~  (~o~: + o~) . 
C33 = 4b'-'u 0 12b~ .2a~) ~ -"~' " ' " ' -~% (a-ae =- b2~,~) 

c:t = . ; c , :~= ; (3) 

C:r = 2~ 0 (a~aa -~ b ~ o  ) ; Cztt = 4!.,2a0~ ~ 

~.d32 -7" I,:~X~ ((%: -- (~)i) 
C32 = , 

4!,~a o ~o 

where  Oto, tic, a 'o,  f lo' ,  ~  fl"0 a re  f lmctions o f  a, b, def ined in [6], b is the e q u a t o r i a l  r ad ius  of  the pa r t i c l e ,  
r i is  the  angu la r  ve loc i ty  o f  the p a r t i c l e ,  and h is the  r a t e  of  change of  the  s e m i a x i s  a .  

F o r  the s t r e s s  t e n s o r  ai j  d e s c r i b i n g  the  s t r e s s  s ta te  in the p o l y m e r  Solution we shal l  fellow Landau [7], 
and take  the  va lue ,  a v e r a g e d  o v e r  the vo lume of  the sphe re  u n d e r  cons ide ra t ion ,  of  the t e n s o r  f o r  the  s t r e s s e s  
which a r i s e  in the flow of  the d i s p e r s i v e  m e d i u m  p e r t u r b e d  by the suspended  pa r t i c l e .  The in tegra t ion  is c a r -  
r i e d  out not o v e r  the vo lume ,  but o v e r  the s u r f a c e  of  the sphe re  which has  been in t roduced  [7-9]: 

o i j =  - -  po~ij + 2pdo  + (8~tV/ab")c~i, (4) 

w h e r e  V is the vo lume  c o n c e n t r a t i o n  of  su spended  p a r t i c l e s .  

We sha l l  c o n s i d e r  the  o r i en t a t i on  and de fo rma t ion  of  a suspended  p a r t i c l e .  Neglec t ing  the ine r t i a l  p r o p -  
e r t i e s  o f  the  p a r t i c l e ,  we have fo r  the  equa t ions  o f  o r i en t a t i on  

Mt ~  M ~  M ~  3 = 0 ,  (5) 

w h e r e  M i a r e  componen t s  o f  the  m o m e n t  of  e x t e r n a l  f o r c e s  ac t ing on the  pa r t i c l e ,  M~ are  componen t s  of  the 
m o m e n t  o f  the h y d r o d y n a m i c  f o r c e s  d e t e r m i n e d  by the solut ion o f  the h y d r o d y n a m i c  p r o b l e m  

Ml ~ = (32 / 3) ~ t  (c~2 - -  c~.a), M ~ = (32 / 3) ,~t (c~3 --  c3~). (6) 

M ~ = (32 / 3) .n~t (Q1 - -  c12). 

A s s u m i n g  tha t  the p r o p e r t i e s  of  the  p a r t i c l e  are  s y m m e t r i c  r e l a t ive  to the axis  o f  ro ta t ion  (M 1 =0),  we obtain 

f r o m  Eqs .  (5), (6) 

c23 = d23 / 4b2ao, ca~= da2 / 4b2(zo �9 (7) 

It  then  fol lows f r o m  Eqs .  (3), (5)-(7) tha t  the  o r i en t a t i on  of  the axis of  ro ta t ion  o f  the pa r t i c l e  is d e s c r i b e d  by 

the  fol lowing equa t ions :  

[(a ~ - -  be)/(a e + b e) ]dal + o)al + ~0~ - -  [3(a%% + b2~o)/ t6g9(a ~ + b 2) IM~ = 0; 
(8) 

_ [ ( a  s _ b2)/(a 2 + b~ + r + ~o 3 - :  [3(a%% + b~ b2)]M3 = 0. 

I f  the p a r t i c l e  has  the p r o p e r t i e s  out l ined above,  and if  i ts r h e o l o g i c a l  behav io r  can be mode l ed  by l i nea r  
e l a s t i c i t y  and v i s c o s i t y ,  then  us ing  the p r inc ip le  o f  v i r t ua l  d i s p l a c e m e n t s  we obtain  the fol lowing equat ion  de -  

s c r i b i n g t h e  d e f o r m a t i o n  of the p a r t i c l e :  

a 2ab2~oGa/a o ( i  - -  qo/q) 2d, ,  3a~; t (9) 

w h e r e  G is the s h e a r  modulus  o f  the p a r t i c l e  m a t e r i a l ;  77 is the dynamic  v i s c o s i t y  coef f ic ien t  o f  the  pa r t i c l e  
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mate r i a l ;  q = a / b ;  % =a_/b0; a0, b 0 are  the value of the s emiax i s  of rota t ion and the equa tor ia l  radius  of the 
par t i c le  in its undeformed state~ and f is the ex te rna l  force  deforming the par t i c le ,  excluding hydrodynamic  
fo rces .  

Cons ider ing  re la t ions  (1), (2) in the moving s y s t e m  of coordina tes  xi(n ~ =a, n~ =n 3 =0, nl =1, n 2 = ar 
~ 3 = - a w z }  and compar ing  Eq. (1) with Eqs.  (4), (3), (7) and Eq. (2) with Eqs.  (8), (9), we find the rheologica l  
functions appear ing  in Eqs.  (1), (2): 

ao = --  P0; 
'ta" ~'i " -, ( I - -  r~l~ } 

__ 2,ttl- 
c., a~b%i ,  c~ = 0 ;  

[ <; + ,% ' !- l ] 
2Pff [ 9(a2-b'-) '[ j ( l '. 

I J 
= 4,ttI" !" a,, t J ; 

4be,ttl" 4aelxl" 
C9 =: a:tb: (a2~o -'- i,c[~,~ , ClO : - -  a:~b: (aSa0 _~_ b~{].) : 

2ab~ / a o ( 1 ~ q,~ ~' q) / 2 ' a'-' --  12-", 
zl . . . .  ( '  + ; >'' ( -' 

== a'-' -1.- t#; ~q " L~ := . 

{ . 
t~2' 

(10) 

Since the vec t o r  n i c h a r a c t e r i z e s  the behavior  of  the m i c r o s t r u c t u r e ,  the average  must  be taken in Eq. 
(1) when cons t ruc t ing  the theo logica l  equat ions of s ta te ,  by using the distr ibution function F for  the angular  
posi t ions  of  the axis of  s y m m e t r y  of  the par t i c le  and its re la t ive  d imensions:  

Tii  = < t i i  > = (Co -i- (c.n~nm > dllrn ~-( c~N~,.nh~)61y @ 

< canhnmninj > dl~rn -,- < c:,N~nkninj > + ( cG > dij -r- 

-~ < CTnhlZ y > dih + < CSllhtl i ; (lit: -~ < CglZiN j > J{- < Cu2lj..~i). (11)  

The dis tr ibut ion function F sa t i s f i e s  the equation 

OF~Or -!- O(Ft~)/On~ = 0, 

where  t is the t ime ,  and h i is defined by E q s .  (2), (10) .  

If  the  e x t e r n a l  f o r c e s  a c t i n g  on an e l e m e n t  o f  the  m i c r o s t r u c t u r e  are  a r e s u l t  o f  B r o w n i a n  m o t i o n  o n l y ,  
then Mj and fj, appear ing  in Eq. (2), have the f o r m  [10, 1] 

M~ . . . . .  kTe~,,~(n~jF)OF/Onm; (12) 

is == -- kT(l/l,')OF/Ony, 

where k is Bol tzmann ' s  constant ,  and T is the absolute t e m p e r a t u r e .  Using E q s .  (12),  (2) we wri te  the rheolog-  
ieal  equation of s ta te  (11) in the f o r m  

T~ i = - -p5  0 % 2 < ~o > d~ q- < p~tn~n~ > _{_ < ~n~nmn~n~ > d,, .... -~- 2<}~(di~n~n~ -{- d~n~ah)>, (13) 

where  

P = PO - -  < C2~'1 n2 ) - -  k']' < 3C~5~Z 2 ~- n(d/dn)(c2~n ~) + 

-q-- (C9 + r 2 > -.~- ( (C 1 4- C2~2 n2 -~ r ditlll'~ 

~'o = (1/2)c~, ~tl = c:}'t n~ - i  ~.1(c~ q- C,o) + kT{Sc~.:.n "2 -k 

q- (5~ - -  3L,)(c9 + clo ) @ n(d/dn) [X~(c~n"- + co ~- c~0 ) ] }; 

~t2 = c4 + c~(Lzn ~ + ~.~) q- ~..,.(c9 -{- c~o); ~ta = (t/4)[c7 + cs ~- K~(c9 +qo)l. 

In th is  case  the dis t r ibut ion function F sa t i s f i e s  the equation 
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OF~Or -{- kT(~.~ - -  )~:,)nlnjO~F/On,Onj - -  kT~,4n~O2f/c)niOn~ 4- 

)~ni(SF/On~)dhmnhnm ~, [~1 -}- kT(2~., - -  4~5 - -  nd)~Jdn)]niOF/On i -}- 

(o~j -+- )~sdii)nfOF/cgni ~, (3)~ 1 -+- nd)~l/dn)F -}- (5)~2 + nd~.Jdn ~- (1/n)dE:Jdn)Fdh,tnhn,,  = 0. (14) 

The Brownian motion of the suspended particles and their  internal properties appear in Eq. (13) by way 
of their  "direct contribution," obtained on substituting Eqs. (2), (10), (12) in Eq. (11), and through the distribu- 
tion function F, Eq. (14), which depends on these factors. 

We note that the theological equations of state (13), ~in which only those forces have been taken into ac- 
count which arise from the Brownian motion of the particles, coincide in form with the equations of state of 
a dilute suspension of rigid ellipsoidal particles [3]. A change in internal properties of the suspended particles 
means-that the equations of state, instead of containing rheological constants, contain rheological functions, 
and the averaging process in these equations is carriedout not only over all possible angular positions of the 
suspended particle, but also over its possible relative dimensions. 
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